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About These Slides

The present slides are not self-contained; they need to be explained and
discussed.

Even though being a “work in progress” and subject to revision, the
slides constitute copyrighted material.
If you want to reproduce or copy anything from the slides, please ask:

Harald Schmidbauer harald at hs-stat dot com
Angi Rosch angi at angi-stat dot com

The slides were produced using BTEX (www.latex-project.org)
and R (the R project; www.R-project.org) on a GNU/Linux system.

R files used for this course are available upon request.



Chapter 3
Multiple Regression
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3.1 Introduction

Outlook.

e [he methods in the present chapter are not directly aimed
at modeling dynamic phenomena.

e We shall see real-world examples, also from finance.

e One purpose of this chapter is to familiarize our audience
with the functionality or R.



3.1 Introduction

SLR and Multiple Linear Regression.

e Goal of SLR:

Explain the variablity in Y, using a variable X.

e Goal of multiple linear regression:

Explain the variablity in Y, using a set of variables Xj,
Xo, ..., Xk



3.1 Introduction

The problem.
Given are points (x14, 24, .- ., Tki, Yi), Where:
e ;. observations from a variable Y, the dependent variable;

e 1 ;;: observations from a variable X, which is an independent
variable.

Given a (k+1)-dimensional cloud of points, how can we fit a
hyperplane?



3.1 Introduction

Outlook on Chapter 3.
e 3.2 An Intuitive Approach

three-dimensional scatterplots and a regression plane

e 3.3 The Regression Plane and lts Explanatory Power
least squares; decomposition of variance; coefficient of determination

e 3.4 Explanatory Power of the Model
least squares; decomposition of variance; coefficient of determination

e 3.5 A Stochastic Model of Multiple Regression

stochastic model and statistical inference

e 3.6 Prediction Based on Multiple Regression
point prediction and prediction intervals

e 3.7 The Generalized Linear Model

model structure; logistic and Poisson regression; examples



3.2 An Intuitive Approach

The case of three variables: X7, X5, Y.

We shall now see a three-dimensional scatterplot in two
perspectives with:

e black points, representing the observations,
e a plane, which somehow fits these points,
e red points, the projection of the black points onto the plane,

e the distance between the black and the red points.



3.2 An Intuitive Approach

Observed points and their projections onto the plane.
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3.2 An Intuitive Approach

Observed points and their projections onto the plane.
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3.2 An Intuitive Approach

How to find that plane. . ..

in order to find a “good” plane to represent the cloud of points,
we need:

e the equation of a plane, depending on parameters,
e a distance function,

e to find the parameter values such that the distance function
IS minimized.



3.3 The Regression Plane

A plane and the observations.

e Plane in 3-dimensional space: y = a + byx1 + baxs

e With observations (x1;, T2, 4;), it = 1,...,n:
y1 = a-+ bix11 + bawon, e1 = Y1 — Y1
Yo = a-+ bix12 + boxoa, €2 = Y2 — Y2
?)n = a-+ blxln + b2372n7 €En = Yn — :&n

e The g, are called the fitted values.
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3.3 The Regression Plane

Using matrices. — The last relations can be written as:

y=2Xb, e=y—y=y—Xb,

where

U1 1 x11 @21

N U2 1 x19 o9 “

Yy = : ’ X = : : : ’ b = by ?
) : : : ;
Yn 1 Lin TL2n :
Y1 €1

_ Y2 . €2

y = S| e= |-

Yn €n
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3.3 The Regression Plane

Definition.

e Define §;, = a + b1x1; + baxs; and e; = y; — ;.
e The regression plane of Y with respect to X; and X5 is the
plane y = a + byx1 + baxy with a, by and by such that

Qa,b1,bs) = > e => (yi—9)
1=1 1=1

n

= Z (y; — a — byxy; — b2$27;)2

1=1

attains 1its minimum.

e b1 and by: regression coefficients.



3.3 The Regression Plane
Regression: some first comments.
e This procedure is asymmetric — like SLR!
e |t conforms to the idea: Given X; and X5, what is Y?

e X, X5 "independent variables”,
Y: “dependent variable”

e This procedure can be easily generalized to k£ > 2
independent variables.

e The case k£ > 2 cannot be easily visualized in terms of a
scatterplot.



3.3 The Regression Plane

Example: Used cars.

e For a set of used cars, consider these variables:
— mileage (km)
— age (months)
— price (€)

e A natural choice is:

— dependent variable: price
— inpendent variables: mileage, age
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3.3 The Regression Plane

Example: Used cars.

e Important: The so-called “independent variables” need not
be uncorrelated.

e For our sample of 400 cars (VW Golf 1.8):
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3.3 The Regression Plane

Computing the regression plane.
e Minimizing () leads to the following vector equation:
b= (XX)" Xy
e The fitted values are:
¥ =Xb = X(X'X) " X'y

e These formulas apply to any number k& of independent
variables.

e For k = 1, the formulas of SLR are obtained.



3.3 The Regression Plane

Multiple regression — some properties in the context of
descriptive statistics.

e The vector of arithmetic means (Z1, Zo, ) is on the regression
plane.

e [he average error € equals zero.

e The matrix X(X’X)™!X" in § = Xb = XXX)" X'y is a
projection matrix: y is projected onto a sub-space of R".



3.3 The Regression Plane

Example: Used cars.

e Data from 400 used cars (VW Golf 1.8, age at least 5 years,
mileage at most 200000 km).

e The fitted regression plane is:
price = 14146.2 — 24.61 - mileage — 49.13 - age

(Price in €, mileage in 1000 km, age in months.)

e According to this result: What is the average price of a car
with mileage 100000 km, age 10 years?

e How much will this decrease if the car is used for another
year, for another 12000 km?



3.3 The Regression Plane

Example: Used cars.
Scatterplot:
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3.3 The Regression Plane

Example: Used cars.
Scatterplot:
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3.4 Explanatory Power of the Model

SLR: Variability of the y; and the 7;.

Y2

Y1
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3.4 Explanatory Power of the Model

The explanatory power of the regression model. . .

We observe:

e Less variability in the g; than in the y;! — The regression
line cannot explain the entire variablity in the y;.

e The regression could provide a complete explanation if all
points (x;,1;) were on the regression line.
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3.4 Explanatory Power of the Model

Decomposition of variance.

As in SLR, it holds that:

Syi—9) = Y 0i—9)°* + Do(vi—0i),
SST — SSR + SSE

where

SST: total sum of squares
SSR: regression sum of squares
SSE: error sum of squares
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3.4 Explanatory Power of the Model

The coefficient of determination.

It is defined as:

SR
SST

e The coefficient of determination is the share of variablity in
the data which is explained by the regression.

e In contrast to SLR, the coefficient of determination cannot
be computed as the square of a coefficient of correlation.

e R? = 100% if and only if all observed points are on the
regression plane.

o 1?? = 0% means that no linear combination of independent
variables contributes to explaining Y.



3.4 Explanatory Power of the Model
Example: Used cars.

Compare the following fitted models and their R?s:

e Model 1 (R? = 0.434):
price = 8984.41 — 38.20 - mileage

e Model 2 (R? = 0.528):
price = 13160.68 — 65.61 - age

e Model 3 (R? = 0.675):
price = 14146.2 — 24.61 - mileage — 49.13 - age

e According to each model: What is the average price of a car
with mileage 100000 km, age 10 years?



3.5 A Stochastic MLR Model

Multiple regression in descriptive and inductive statistics.

e So far, we have seen multiple regression from a purely
descriptive point of view.

(There were no probabilities, no stochastic models.)
e A stochastic model is needed to

— obtain insight into the mechanism which created the data,
— make reliable statements about out-of-sample cases.

e We shall now see this model, written out for £ = 2
independent variables.



3.5 A Stochastic MLR Model

A stochastic multiple linear regression model.
Yi=oa+ Bix1; + Boxos +¢€, 1=1,...,n

e The random variable Y; represents the observation belonging
to 1, and xo;.

e «, 1 and B3 are unknown parameters (to be estimated).
e z,; is the observation of the independent variable X ;.

e ¢; Is a random variable; it contains everything not accounted
for in the equation y = a 4+ B1x1 + Baxo.



3.5 A Stochastic MLR Model

Matrix form of the stochastic model.
The system

Yi=a+ b1z + Boxo; + €, i=1,...,n,

can be written as

Y =X0 +€,
where
Y1 I x11 @2 o €1
Y- 1
Y — E2 X = | 11312 51322 76<51>’€ 652
Y., 1 x1, xon 52 €n

The generalization to k independent variables is straightforward.
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3.5 A Stochastic MLR Model

Assumptions in the stochastic multiple linear regression model.

For statistical inference, we assume:
e [he matrix X has full rank.

e The matrix X is considered fixed (non-stochastic).

o ¢, ~N(0,0%)iid fori=1,...,n.
With the last assumption, it holds that

E(Yi|z1,22) = a+ fix1; + Poxas, t=1,...,n.
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3.5 A Stochastic MLR Model

Computing estimators.

e The method of least squares leads to the following estimator
for [3:

A

B = X%y

e As a random vector, 8 has a covariance matrix. It is given
by

A

var(f) = o2 - (X'x) L.

e [ he residual error variance can be estimated as

5 SSE
© n—k—-1




3.5 A Stochastic MLR Model

Statistical inference about the parameters.

e Statistical inference about [; is based on the following
property: X
B — B
85].

where sg. is the standard error of BAj.

~ tn—k—la

e The standard error sg. can be obtained from

A

var(p) = s2 - (X'x) 1.

(This may be tedious to compute, but it is standard output
in statistical software packages.)



3.5 A Stochastic MLR Model

Which variables to include?

e We prefer models with large R? and small s2.

e Should an additional variable be included as independent
variable in the model?

e Including an additional variable will always

— increase R?,

— reduce SSE,
— decrease the degrees of freedom.

e This is why including an additional variable need not
2 — care needs to be taken!

€

reduce s



3.5 A Stochastic MLR Model

Example: Returns on OSG stock.

Overseas Shipholding Group, Inc. (“OSG"), is a marine
transportation company whose stock is listed at New York

Stock Exchange (NYSE).
Let variables be defined as

osg.ret = monthly return on OSG stock;

nyse.ret = monthly return on the NYSE Composite Index;
sop.ret = monthly change in spot oil price (WTI);
export = exported goods (from USA), in million USD

Question: Which variables can explain returns on OSG stock?



3.5 A Stochastic MLR Model

Example: Returns on OSG stock.

0.209

Model 1:
Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 1.4989 1.1801 1.270
nyse.ret 1.4737 0.3067 4.805

Signif. codes: 0 “**x’ 0.001 ‘*x’ 0.01

1.2e-05 *x*x

0.05 °.

> 0.1 ¢

Residual standard error: 8.962 on 56 degrees of freedom

Multiple R-Squared: 0.2919,

Adjusted R-squared: 0.2793

F-statistic: 23.09 on 1 and 56 DF, p-value: 1.200e-05

)

1



3.5 A Stochastic MLR Model

Example: Returns on OSG stock.

Model 2:

Coefficients:
Estimate Std. Error t value Pr(>|t|)
(Intercept) 3.592e+00 1.167e+01  0.308 0.759

nyse.ret 1.478e+00 3.101e-01 4.764 1.43e-05 **x
export -3.319e-05 1.841e-04 -0.180 0.858
Signif. codes: 0 “**x’ 0.001 ‘%%’ 0.01 ‘x’ 0.05 “.” 0.1 ¢ > 1

Residual standard error: 9.041 on 55 degrees of freedom
Multiple R-Squared: 0.2923, Adjusted R-squared: 0.2666
F-statistic: 11.36 on 2 and 55 DF, p-value: 7.419e-05



3.5 A Stochastic MLR Model

Example: Returns on OSG stock.

Model 3:
Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 0.9753 1.1812 0.826 0.4125
nyse.ret 1.5615 0.3024 5.163 3.45e-06 *x*x*
sop.ret 0.3025 0.1536 1.970 0.0539 .
Signif. codes: 0 “**x’ 0.001 ‘%%’ 0.01 ‘x’ 0.05 “.” 0.1 ¢ > 1

Residual standard error: 8.74 on 55 degrees of freedom
Multiple R-Squared: 0.3386, Adjusted R-squared: 0.3145
F-statistic: 14.08 on 2 and 55 DF, p-value: 1.156e-05



3.6 Prediction Based on MLR

Point prediction vs. interval prediction. (Case k = 2.)

Let 1, x5 be given. The outcome of the random variable
Y = a+ B1x1 + Baxo + € can be predicted in terms of. . .

e a single point: Y =6+ BAlazl + 62332

— This has disadvantages similar to those of a point estimate.

e a prediction interval.
It has to cope with two sources of uncertainty:

— The parameters «, 31, B2 are unknown.

— There 1s a random error ¢, which has an unknown
2

€

variance o



3.6 Prediction Based on MLR

Prediction intervals. (Case k = 2.)

Given a vector xg = (1,21 n+1,%2.n+1) With out-of-sample
values x1 41 and 2,11, a 95% prediction interval for the
corresponding Y, .1 has bounds

Y1+ bn—k—1,0.975 * Se ° \/1 + 2( (X' X) " txg

These are the bounds of an interval which will contain the
random variable Y,11 = a + 51£E17n+1 -+ 525132,”4_1 + € with
probability 95%.

A

Here, Y,, 11 is a point prediction, obtained as

Ynt1 = a4+ 8121 ny1 + Box2 nt1-



3.6 Prediction Based on MLR

Prediction intervals. (Case k = 2.)

An approximation formula for the interval bounds is

~ 1 (Tint1 —T1)? | (2041 — T2)?
Yn :lztn— — el 1 — ; _ ; _
+1 k—1,0.975'5 \/ + n + 2(3317, — $1>2 Z(x2z — 332)2

e This formula may be used if the independent variables are
uncorrelated and n is large.

e The generalization to k > 2 is straightforward.



3.6 Prediction Based on MLR

Example: Used cars.

e Based on a sample of size n = 400, the fitted model is:

price = 14146.2 — 24.61 - mileage — 49.13 - age

e Point forecast of the price of a car with mileage 100000 km,
age 10 years:

14146.2 — 24.61 - 100 — 49.13 - 120 = 5789.6



3.6 Prediction Based on MLR

Example: Used cars.

e Bounds of a 95% prediction interval:

exact formula: H789.6 +1.966 - 1240 - 1.002807
approximate formula: 5789.6 £ 1.966 - 1240 - 1.003476

e Corresponding 95% prediction intervals:

exact formula: 13345.0, 8234.3]
approximate formula: [3343.4,8235.9]



3.7 The Generalized Linear Model

A different view of multiple regression.

e [he model can also be written as:

Y ~ N(u,0?) with p=X3
e Thatis:

The expectation of the response variable Y depends on
the regressors x4, ..., T.
e [his idea can be generalized:

— Allow Y to have other distributions than the normal.
— Make E(Y') a function of the regressors.



3.7 The Generalized Linear Model

Mean function and link function.

e Making E(Y') a function of the regressors:

E(Y) =p=yg""(XB)

e g ! is called the mean function.

e g is called the link function.

e ¢ can be nonlinear in the GLM.
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3.7 The Generalized Linear Model

Logistic regression.

e Bernoulli experiment: Y ~ B(1,p); E(Y)=p

e Mean function:
exp(X5)

P=17 exp(X0)

e Link function:
p

Xg =1
B ny—

e Example of an R command:

my.glm = glm(y ~ x1 + x2, family = binomial)
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3.7 The Generalized Linear Model

Example: Credit card management: Is a person credit-worthy?

A bank cannot see the person in detail. . . But there are clues:

e age, education, professional environment
e previous payment behaviour
e stability of residential area

e number of cellular phone contracts

How can we exploit these clues? Data protection issues?!?



3.7 The Generalized Linear Model

Example: Credit card management: Is a person credit-worthy?

Logistic regression, Model 1:

Coefficients:
Estimate Std. Error z value Pr(>|z])

(Intercept) -1.561587  0.165203 -9.453 < 2e-16 **x

age -0.021541 0.003507 -6.142 8.13e-10 *x*x
Signif. codes: O ‘“***x’ 0.001 ‘**’ 0.01 ‘%’ 0.056 “.” 0.1 ¢ ’ 1
AIC: 2973.6
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3.7 The Generalized

Linear Model

Example: Credit card management: Is a person credit-worthy?

Logistic regression, Model 2:

Coefficients:

Estimate Std. Error z value Pr(>|z|)
(Intercept) -2.3700 .1025 -23.125 < 2e-16
age.cl(35,50] -0.2924 .1247 -2.345 0.0190
age.cl(50,65] -0.6662 .1395 -4.774 1.80e-06
age.cl(65,80] -1.0524 .1979 -5.318 1.05e-07
age.cl(80,95] -2.2750 .0095 -2.254 0.0242
urban 0.5127 .1027 4.991 5.99e-07

O r O O O O

Signif. codes: 0 “***x’ 0.001 ‘**’ 0.01 ‘x’ 0.05 ‘.

AIC: 2950.1
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3.7 The Generalized Linear Model

Example: Credit card management: Is a person credit-worthy?

Logistic regression, Model 3:

Coefficients:

Estimate Std.
.90857

(Intercept) -1

age.cl(35,50] -0.
age.cl(50,65] -0.

age.cl(65,80] -0.
age.cl1(80,95] -2.
urban 0.
stability -0.
cellphone 0.

Signif. codes:

AIC: 2921

0

26599
63380
97736
19273
37688
72238
15843

“xxx? 0.001 ‘*x%x’ 0.01 ‘x’ 0.05 °.

O OO, O O O O

Error z value

.18305 -10.
.12536 -2
.14020 -4
.19896 -4
.01001 -2
.10640 3
.13889 -5
.06225 2
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427

.122
.521
.912
171
.542
.201
.545

Pr(>|zl)
< 2e-16
.033847
.16e-06
.00e-07
.029931
.000397
.98e-07
.010930

O r O O © O O

%k % %k

* kK
k% %k

* k%

*kkk

> 0.1 <1
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3.7 The Generalized Linear Model

Poisson regression.

e Counting “successes”: Y ~ Po(\); E(Y) =\

e Mean function:
A = exp(X5)

e Link function:
X8 =1n A\

e Example of an R command:

my.glm = glm(y ~ x1 + x2, family = poisson)
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3.7 The Generalized Linear Model

Example: Suicides in Turkey

e Explain the number of suicides by il with a Poisson regression
model, using

— 4l population
— 1l GDP

as explanatory variables.
e Explain female and male suicides separately.

e Are the differences in the pattern from year to year?



3.7 The Generalized Linear Model

Example: Suicides in Turkey

Data:

e Number of suicides, 2004 by
— 1l
— sex
— age group
e For each 1l:
— population

— GDP per capita
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3.7 The Generalized Linear Model

Example: Suicides in Turkey

Age group: adolescents (ages up to 19), male

5000

sui
sui
GDPpc
3000

|
AN

o o

@ O oooo o

N ¢/
N q oo o o #@/
o ®ompa® 0 0 0o ° o
7/
o 000 @D O®O 0 ®O o o /
T T I

1000
|

0e+00 1le+06 2e+06 3e+06 4e+06 1000 3000 5000 0e+00 1le+06 2e+06 3e+06 4e+06
pop.total GDPpc pop.total
Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) 5.761e-01 1.789e-01 3.220 0.00128 =**
pop.total 7.883e-07 7.661e-08 10.290 < 2e-16 x**x
GDPpc -2.854e-04 1.118e-04 -2.553 0.01069 *
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3.7 The Generalized Linear Model

Example: Suicides in Turkey

Age group: adolescents (ages up to 19), female

sui
sui

00®mO0OEDO O

QOO 00

T T T T T
Oe+00 1e+06 2e+06 3e+06 4e+06

pop.total

Coefficients:

Estimate
8.973e-01
7.516e-07

-3.444e-04

(Intercept)
pop.total
GDPpc
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3.7 The Generalized Linear Model

Example: Suicides in Turkey
Age group: young (ages from 20 to 29), male

20
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15
15

sui
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sui
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GDPpc
5000

3000

1000

0e+00 1e+06 2e+06 3e+06 4e+06 1000 3000 5000

pop.total GDPpc

Coefficients:

Estimate Std. Error z value
(Intercept) 5.450e-01 1.198e-01 4.548
pop.total 6.277e-07 4.752e-08 13.211
GDPpc 1.713e-04 5.370e-05 3.190
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3.7 The Generalized Linear Model

Example: Suicides in Turkey
Age group: young (ages from 20 to 29), female
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0e+00 1le+06 2e+06 3e+06 4e+06 1000 3000 5000 0e+00 1le+06 2e+06 3e+06 4e+06
pop.total GDPpc pop.total
Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) 1.018e+00 1.408e-01 7.229 4.88e-13 *xx
pop.total 7.363e-07 6.098e-08 12.076 < 2e-16 x**x
GDPpc -2.411e-04 8.579e-05 -2.811 0.00494 xx*
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3.7 The Generalized Linear Model

Example: Suicides in Turkey
Age group: middle (ages from 30 to 59), male
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0e+00 1e+06 2e+06 3e+06 4e+06 1000 3000 5000 0e+00 1e+06 2e+06 3e+06 4e+06
pop.total GDPpc pop.total
Coefficients:
Estimate Std. Error z value Pr(>|z|)
(Intercept) 9.835e-01 8.964e-02 10.971 < 2e-16 **x
pop.total  7.177e-07 3.268e-08 21.960 < 2e-16 *x*x
GDPpc 1.981e-04 3.897e-05 5.083 3.72e-07 **x
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3.7 The Generalized Linear Model

Example: Suicides in Turkey

Age group: middle (ages from 30 to 59), female
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pop.total GDPpc

Coefficients:

Estimate Std. Error
(Intercept) 1.142e-01 1.447e-01
pop.total 6.759e-07 5.505e-08
GDPpc 1.758e-04 6.445e-05
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0.789
12.279
2.728

Pr(>|zl)
0.43000
< 2e-16
0.00637
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3.7 The Generalized Linear Model

Example: Suicides in Turkey
Age group: old (ages above 60), male
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0e+00 1e+06 2e+06 3e+06 4e+06 1000 3000 5000 Oe+00 1e+06 2e+06 3e+06 4e+06

pop.total GDPpc pop.total

Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) -1.073e-01 1.443e-01 -0.743 0.457
pop.total 5.032e-07 6.092e-08 8.260 < 2e-16 *x*x*
GDPpc 3.363e-04 5.504e-05 6.109 1.00e-09 x**x*
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3.7 The Generalized Linear Model

Example: Suicides in Turkey
Age group: old (ages above 60), female
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Oe+00 1e+06 2e+06 3e+06 4e+06 1000 3000 5000 0e+00 1e+06 2e+06 3e+06 4e+06
pop.total GDPpc pop.total

Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) -1.208e+00 2.571e-01 -4.698 2.62e-06 **x
pop.total 6.520e-07 9.705e-08 6.718 1.84e-11 *xx
GDPpc 2.585e-04 1.055e-04 2.450 0.0143 *
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