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13.1 Simple Linear Regression: Goals

Goals of Simple Linear Regression.

Once again, given are points (x;,;), from a bivariate
metric variable (X,Y).

How can we establish a functional relationship
between X and Y ? Most importantly:

e Which straight line is “good”? —
What does “good” mean?

e How can the parameters of a “good” line be
computed?



13.1 Simple Linear Regression: Goals

Goals of Simple Linear Regression.

Why would we want to fit a line to a cloud of points?

e In order to quantify the relationship between X
and Y, using a simple model.

e In order to forecast Y for a given value of X.



13.2 The Regression Line

Finding a “good” line. . .

X

... and how can we find a “good” line?
— A criterion 1s needed!
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13.2 The Regression Line

A very simple scatterplot.
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e observed points:

(%;, yz)

e points on the line:

(xz', Qz)
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13.2 The Regression Line

Definition.

Define gz = a + bCIZZ and €; = Y; — ?;z
The regression line of Y with respect to X is the line y = a+bx

with parameters a and b such that

n

Q(a,b) = Zef = Z(yz — )’ = Z(yz —a—bx;)”

1=1

attains its minimum. The parameter b thus obtained is called

the regression coefficient. This way to find a and b is called

the method of least squares.



13.2 The Regression Line
Regression: some first comments.

e “Good” means: The sum of squared distances,
parallel to the y-axis, 1s minimized.

e [ his procedure is asymmetric!

e |t comforms to the idea:
Given X, what is Y?

e X: “independent variable”,
Y : “dependent variable”



13.2 The Regression Line

Regression Is asymmetric.

The regression lines. . .

o ...of Y wrt. X and

o ...of X wrt. Y

are usually different.

X
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13.2 The Regression Line

Y w.r.t. X, or rather X w.r.t. Y?

Example:

X = body-height of a person;
Y = body-weight of a person

Here, a regression of Y w.r.t. X looks quite natural,
while a regression of X w.r.t. Y would be strange.



13.2 The Regression Line

Y w.r.t. X, or rather X w.r.t. Y7

Example: Consider the change in percent of price indices, on
the corresponding month of the previous year:

X = change of housing price index;
Y = change of clothing price index

Here, neither of the regressions — Y w.r.t. X nor X w.r.t. Y —
looks very meaningful, because it is neither convincing to say
that X influences (or even causes) Y, nor vice versa.

In this example, a symmetric procedure is more appropriate
than regression.



13.2 The Regression Line

Computing the regression line.

Minimizing () leads to the following equations for the slope b
and the intercept a:

h — D (@i —Z)(yi — 9) _ nY xy — O x) (O] yi)
2w — )7 nYa?— ()
cov(X,Y)
var(X)

a = Y —bx.
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13.2 The Regression Line

Example: (This is a toy example. . .)

2 2 ~

Lo T | Y | T il T | Yi €;

1 5 15| 25 | 225 75 13.9 1.1

2 10| 8 | 100 | 64 80 11.3 | —3.3

3 15| 12 | 225 | 144 | 180 8.7 3.3

4 |20 5 | 400 | 25 100 0.1 —1.1

> | 50 | 40 | 750 | 458 | 435 40 0

Then,
4-435 — 50 - 40 40 50
b = = —(0.52 = — — (—0.52) - — =16.5
1. 750 — 502 o= | )7

The regression line is: y = 16.5 — 0.52x.
Using this regression line, the ¢; and the e; can be computed.

We observe: j = 4, € = 0. (This is always the case.)



13.2 The Regression Line

A plot of the toy example.

0 5 10 15 20 25
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13.3 Explanatory Power of the Model

Next, we look at the explanatory power of the
regression model.

Y2

R
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13.3 Explanatory Power of the Model

The explanatory power of the regression model. . .

We observe:

e There is (in general) less variability in the ¢; than
in the y;! — That is, the regression line cannot
explain the entire variablity in the observed y;.

e The regression could provide a complete
explanation if all points (x;,1;) were on the
regression line.



13.3 Explanatory Power of the Model

Decomposition of variance.

(i =) + (v —Bi)
SSR + SSE

> (i — )
SST

Here,

SST: total sum of squares
SSR: regression sum of squares
SSE: error sum of squares
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13.3 Explanatory Power of the Model
The coefficient of determination.

It is defined as:
SSR

SST

e The coefficient of determination is the share of variablity in
the data which is explained by the regression.

e It holds that 22% = 12 = cor®(X,Y).

o 72 = 100% if and only if all observed points are on the
regression line.

o 72 = 0% if and only if X and Y are uncorrelated.



13.3 Explanatory Power of the Model

Example: Overseas Shipholding Group, Inc. (“OSG"), is a

marine transportation company whose stock is listed at New
York Stock Exchange (NYSE).
Let monthly returns in percent be defined as

osg.ret = on OSG stock (black in the figure below);
nyse.ret = on the NYSE Composite Index (red)

W

2001 2002 2003 2004 2005

ret on osg / nyse




13.3 Explanatory Power of the Model

Scatterplot and regression results.

e regression line:

osg.ret = 1.50 + 1.47 - nyse.ret

return on osg

-10

e coef. of determination:

r? = 29%

=20
I

return on nyse
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13.3 Explanatory Power of the Model

An interpretation of our results.

Why are there fluctuations in OSG stock price?

e |t is not by pure chance that OSG stock price fluctuates.
e |t is because the market index NYSE Composite fluctuates!

e |s this the only reason? — No, but fluctuations in NYSE
Composite explain about 29% of the variability in OSG stock
price.

e So what might be other reasons? This is not investigated
here. . .

(a guess: import/export quantities, decisions of the CEO,
condition of competitors, . . . )



13.4 A Stochastic SLR Model

SLR in descriptive and inductive statistics.

e So far, we have seen SLR from a purely descriptive point of
view.
(There were no probabilities, no stochastic models.)

e Advantage of this approach: simplicity

e Disadvantage: We obtain no insight into the mechanism
which created the data —
for this purpose, we need a stochastic model and the methods
of inductive statistics!



13.4 A Stochastic SLR Model

A stochastic simple linear regression model.
Yi=a+08x;+¢, 1=1,....,n

e [he random variable Y; represents the observation belonging
to x;.

e « and 3 are unknown parameters (to be estimated).
e 1; is the observation of the independent variable X.

e ¢; is a random variable; is contains everything not accounted
for in the equation y = o + Sx.



13.4 A Stochastic SLR Model

Assumptions about €.

We shall assume that the ¢; In

}/Z':CV—FBCE@'—FGZ', izl,...,n

are a sequence of independent and identically
distributed random variables:

e, ~ N(0,0%) iid

The “normality assumption” is very strong.



13.4 A Stochastic SLR Model

Computing estimators.

The method of least squares leads to the following estimators
for 5 and «:

2 (@i —T)(yi — ) _ ny iy — (O i) (D yi)
> (zi — 2)? ny a2 — (3 @)’

,

a = y—bx.

These are the same formulas as before — but what they mean
Is completely different!



13.4 A Stochastic SLR Model

The estimators & and B

e & and 3 are functions of the sample data (2, Y;).
e A function of sample data is called a statistic.

e Just as a random variable (respresenting an
observation), a statistic has a probability distri-
bution.

e [ hese distributional properties can help us to learn
about the unknown parameters o and £.



13.4 A Stochastic SLR Model

The estimators & and B

We shall now:

e look at some distributional properties of the
estimators & and (3;

e find out under what circumstances 5 can be
estimated reliably;

e ook at examples, with a focus on understanding
computer output.



13.4 A Stochastic SLR Model

The estimator 3. (Often more important than @.)

Statistical inference about (3 is based on the following
property:

3-8,
~ In—2,
53
where sz is the standard error of B
2
S . SSE
8% = - with 5% =

> (z; — x)? © n—=2

(The latter estimates o2.)

€-



13.4 A Stochastic SLR Model
The estimator B

In other words:
B ~ N (0, s%) approximately.

Under what circumstances can [ be estimated
reliably? — This is the case when

2

Se

2(zi = T)°

is smalll Therefore, it is desirable that > (x; — 7)*
should be large.

2
Sﬂ_



13.4 A Stochastic SLR Model

he estimator ﬁA
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13.4 A Stochastic SLR Model

he estimator &. (Often less important than B)

Statistical inference about « is based on the following
property:

a— Qo
~ t’n—Qa
Sa
where s, is the standard error of &:

1 T2 SSE

2 2 : 2
s =57 | — 4 with s2 =

“ €<n|2(aji—x)2> ' n—-2



13.4 A Stochastic SLR Model

Example: Overseas Shipholding Group, Inc. (“OSG"), and the NYSE
Composite Index.

Coefficients:
Estimate Std. Error t value Pr(>|t|)
(Intercept)  1.4989 1.1801 1.270 0.209
nyse.ret 1.4737 0.3067 4.805 1.2e-05 *x*x*
Signif. codes: O ’**xx’ 0.001 ’xx> 0.01 ’x’ 0.06 >.” 0.1 > ’> 1

Residual standard error: 8.962 on 56 degrees of freedom
Multiple R-Squared: 0.2919, Adjusted R-squared: 0.2793
F-statistic: 23.09 on 1 and 56 DF, p-value: 1.200e-05

e The estimated regression model is:
osg.ret = 1.50 4 1.47 - nyse.ret + random error

e Approximate 95% confidence bounds for 3 are given by 1.47 +2-0.31;
the corresponding 95% confidence interval is [0.86,2.08].

e The slope (3 is significantly different from 0.
(The null hypothesis Hy : 3 = 0 is rejected against Hy : 3 # 0.)

$



13.5 Prediction Based on SLR

Point prediction vs. interval prediction.

Let = be given. The outcome of the random variable
Y = a+ Bz + € can be predicted in terms of. . .

e a single point: Y =4+ Bx

— This has disadvantages similar to those of a point estimate.

e a prediction interval.
It has to cope with two sources of uncertainty:

— The parameters «, 3 are unknown.

— There 1s a random error ¢, which has an unknown
2

€

variance o



13.5 Prediction Based on SLR

Prediction intervals.

Given x,.1 (an out-of-sample value), a 95% prediction interval
for the corresponding Y,, .1 has bounds

: L (2eq — )
Y1 £t +Se 1+ — —
+1 2,0.975 * S \/ Tt S (2 — 7)2

These are the bounds of an interval which will contain the
random variable Y,, 11 = a + 82,41 + € with probability 95%.

A

Here, Y,, 1 Is a point prediction, obtained as Yn+1 = (34+an+1.



13.5 Prediction Based on SLR

Example: Body-height and body-weight again; here: males.

Our model estimation was based on a sample of size n = 25. Now let the
body height of a 26" person be given as x5 = 180 cm.

A point prediction of this person’s body-weight is:
Yog = —37.1 + 0.60 - 180 = 70.9

(Don't forget this was a sample of young students.)

An approximate 95% prediction interval has bounds

1 (180 — 182.04)2
25 1260.96

70.9:&2-5.85'\/14—

The corresponding prediction interval is: [58.9,82.9].



13.5 Prediction Based on SLR

The length of prediction intervals.

Prediction intervals become longer as z,, 1, for which Y,, 11 is
to be forecast, moves away from Z. This is illustrated in the
following figures.

N
yn+1

x|
X

Xn+1 Xn+1
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